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Abstract 



We give an estimate of the first eigenvalue of the Laplace operator on a com- 
plete noncompact stable minimal hypcrsurface M in a complete simply connected 
Riemannian manifold with pinched negative sectional curvature. In the same am- 
i c*| bicnt space, we prove that if a complete minimal hypcrsurface M has sufficiently 

"j^ • small total scalar curvature then M has only one end. We also obtain a vanishing 

theorem for L 2 harmonic 1-forms on minimal hypersurfaces in a Riemannian man- 
ifold with sectional curvature bounded below by a negative constant. Moreover we 
provide sufficient conditions for a minimal hypersurface in a Riemannian manifold 
with nonpositive sectional curvature to be stable. 
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q ! 1 Introduction 

t— i ■ 

Let M be a complete noncompact Riemannian manifold and let be a compact domain 
in M. Let Ai(f2) > denote the first eigenvalue of the Dirichlet boundary value problem 

X ■ f A/ + A/ = in n 

Cd ' 1 / = on aii 

where A denotes the Laplace operator on M. Then the first eigenvalue Ai(M) is defined 
by 

Ai(M) = inf Aiffi), 
n 

where the infimum is taken over all compact domains in M. 

In this article we shall find an esimate of the first eigenvalue of the Laplace operator 
on minimal hypersurfaces. Let us briefly introduce previous results in this direction. In 
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[I] , Cheung and Leung obtained the first eigenvalue estimate for a complete noncompact 
submanifold with bounded mean curvature in hyperbolic space. In particular, they 
proved that for a n-dimensional complete minimal submanifold M in the m-dimensional 
hyperbolic space H m 



Here this inequality is sharp because equality holds when M is totally geodesic ([7]). 
Bessa and Montenegro pQ extended this result to complete noncompact submanifolds 
in a complete simply connected Riemannian manifold with sectional curvature bounded 
above by a negative constant. Indeed they proved 

Theorem ([!]). Let N be an n-dimensional complete simply connected Riemannian 
manifold with sectional curvature Kn satisfying < —a? < for a positive constant 
a > 0. Let M be a an m-dimensional complete noncompact submanifold with bounded 
mean curvature H in N satisfying \H\ <b < (m — l)a. Then 



Candel [2] gave an upper bound for the first eigenvalue of the universal cover of a com- 
plete stable minimal surface in the 3-dimensional hyperbolic space H 3 . More precisely, 
it was proved 

Theorem ([2]). Let M be a complete simply connected stable minimal surface in M 3 . 
Then the first eigenvalue of M satisfies 



Recall that an n-dimensional minimal hypersurface M in a Riemannian manifold N is 
called stable if it holds that for any compactly supported Lipschitz function / on M 



where e n+ \ is the unit normal vector of M in N, Ric(e n+ i) is the Ricci curvature of 
N in the direction of e n +i, and \A\ is the length of the second fundamental form of 
S. Recently the second author [13] extended the above theorem to higher-dimensional 
cases as follows: 

Theorem ([B]). Let M be a complete stable minimal hypersurface in HI n+1 with finite 
L?-norm of the second fundamental form A (i.e., f M \A\ 2 dv < oo). Then we have 



I (n-1) 2 <A 1 (M). 



[{jn - l)q - b} 2 
4 



< Ai(Af). 





< Ai(M) < n 2 . 
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In Section 2, we generalize this theorem to a stable minimal hypersurface in a 
Riemannian manifold with pinched negative sectional curvature, i.e., all sectional cur- 
vatures lie between two negative constants. In Section 3, we investigate a vanishing the- 
orem for I? harmonic 1-forms on a minimal hypersurface. Miyaoka [8] proved that if M 
is a complete stable minimal hypersurface in Euclidean space, then there is no nontrivial 
L 2 harmonic 1-form on M. Later Yun |17j proved that if M C M n+1 is a complete min- 
imal hypersurface with sufficiently small total scalar curvature J M \A\ n dv, then there 
is non nontrivial L 2 harmonic 1-form on M. Yun's result still holds for any complete 
minimal submanifold with sufficiently small total scalar curvature in hyperbolic space 
(|llj). Recently the second author |12] showed that if M is an n-dimensional complete 
stable minimal hypersurface in hyperbolic space satisfying (2n — l)(n — 1) < Ai(M), 
then there is no nontrivial I? harmonic 1-form on M. We generalize this result to a 
complete noncompact Riemannian manifold with sectional curvature bounded below 
by a nonpositive constant. (See Theorem 13.41 ) 

One of important results about the geometric structure of a stable minimal hyper- 
surface M in (n + l)-dimensional Euclidean space, n > 3 is that such M must have only 
one end ([3]). Later Ni [9] proved that an n-dimensional complete minimal submanifold 
M in Euclidean space has sufficiently small total scalar curvature, then M must have 
only one end. More precisely, he proved 



Theorem. ([9]) Let M be an n-dimensional complete immersed minimal submanifold 
in R n+P , n > 3. If 



then M has only one end. (Here C s is a Sobolev constant in J3J/J 

In Section 4, we shall prove that the analogue of this theorem is still true in a 
Riemannian manifold with pinched negative sectional curvature. (See Theorem 14.21 ) 
In Section 5, we provide two sufficient conditions for complete minimal hypersurfaces 
in a Riemannian manifold with sectional curvature bounded above by a nonpositive 
constant. 

2 Estimates for the bottom of the spectrum 

Let M be an oriented n— dimensional manifold immersed in an oriented (n + 1)- 
dimensional Riemannian manifold N. We choose a local vector field of orthonormal 
frames e±, e n+ \ in N such that, restricted to M, the vectors ei,...,e n are tangent 
to M. With respect to this frame field of N, let be a curvature tensor of N. 

We denote by Kijki-m the covariant derivative of K^m- Then we have the following 
estimate for the bottom of the spectrum of the Laplace operator on a stable minimal 
hypersurface. 
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Theorem 2.1. Let N be an (n+1)- dimensional complete simply connected Riemannian 
manifold with sectional curvature satisfying that 

K x < K N < K 2 , 

where Ki,K 2 are constants and K\ < K 2 < 0. Let M be a complete stable non-totally 
geodesic minimal hyper surf ace in N. Assume that 

lira R- 2 [ \A\ 2 = 0, 



R-toc 

B(R) 

where B(R) is a geodesic ball of radius R on M. If \vK\ 2 = J2 K fjki m - K i\A\ 2 

i,j,k,l,m 

for some constant > 0, then we have 

-K 2 ( ^t < MM) < + 

Proof. By the result of Bessa- Montenegro [I], the first eigenvalue \%(M) of a complete 

(n - l) 2 

minimal hypersurface M in TV is bounded below by —K 2 > as mentioned in 

the introduction. In the rest of the proof we shall find the upper bound. 

Consider a geodesic ball B{R) of radius R centered at p £ M. From the definition 
of Ai(-M) and the domain monotonicity of eigenvalue, it follows 
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X 1 (M)<X 1 (B(R))< m) I ^ (1) 

B(R) 

for any compactly supported nonconstant Lipschitz function (j). Choose a test function 

g satisfying < g < 1, g = 1 on B(R), g = on M \ B(2R), and |V^| < 4- p ut 

it 

<p = \A\g in the above inequality ([T]). Then 

Ai(M) J \A 2 \g 2 < J \V(\A\ 9 )\ 2 
B(R) B(R) 

= j g 2 \y\A\\ 2 + j |yl| 2 |V(7| 2 + 2 J g\A\{V\A\,Vg). 

B(R) B(R) B{R) 

By using Young's inequality, for any e > 0, we see that 

2 J g\A\{v\A\,Vg) < i j |^| 2 |v<7| 2 +e j g 2 \v\A\\ 2 . 

B(R) B(R) B(R) 
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Hence 

Ax(M) J g 2 \A\ 2 <(l + e) J 5 2 |v|^|| 2 +(l + ^ J \A\ 2 \Vg\ 2 . (2) 

B(R) B(R) B(R) 

On the other hand, from the equations (1-22) and (1.27) in [ID], the length of the 
second fundamental form \A\ satisfies that 

\A\A\A\ + |vL4|| 2 > - 2K 3 \A\ 2 + n(2K 2 - Kr)\A\ 2 - \A\* 

or equivalently, 

\A\A\A\ + 2K 3 \A\ 2 - n(2K 2 - K X )\A\ 2 + |A| 4 > £ h% k - |v|A|| 2 . 
Since K 2 — K\ > 0, this inequality implies 

|A|A|A| + 2K 3 \A\ 2 - nK 2 \A\ 2 + \A\* > £ h% k - |vL4|| 2 = \VA\ 2 - \V\A\\ 2 . 
Applying the following Kato-type inequality [16] 



|v.4| 2 - |v|^4|| 2 > -|v|,4|| 2 , 
n 

we obtain 

\A\A\A\ + 2K 3 \A\ 2 - nK 2 \A\ 2 + \A\* > -\v\A\\ 2 

n 

Multiplying both side by a Lipschitz function f 2 with compact support in B(R) C M 
and integrating over B(R), we get 

J / 2 |yl|A|^| + 2^3 J f 2 \A\ 2 -nK 2 J f 2 \A\ 2 + J f\^>\ J f 2 \v\A\\ 2 . 

B(R) B(R) B{R) B(R) B(R) 

The divergence theorem gives 
0= J div(|A|/ 2 v|A|) = J / 2 L4|A|A|+ J / 2 |v|A|| 2 + 2 J f\A\(v\A\,Vf) 

B(R) B{R) B(R) B(R) 

Therefore 



J f 2 \A\* + (2K 3 -nK 2 ) J f 2 \A\ 2 >^ J / 2 |V|A|| 2 + J f 2 \v\A\\ 2 

B(R) B(R) 

+ 2 j /L4|(VL4|,V/) (3) 



B(R) B{R) B(R) B(R) 



B(R) 
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Since M is stable, for any compactly supported function <fi on M, 

|V^| 2 -f|A| 2 + RE(e n+1 )^ 2 >0. (4) 



M 

The assumption on sectional curvature of N implies that 

TlKi < Ric(e n+ i) = R n +l,l,n+l,l + • • • + Rn+l,n,n+l,n < nK 2 . 
Thus the stability inequality (jl]) becomes 

|V0| 2 - (\A\ 2 + nK 1 )(P 2 > 0. 



M 



Replacing <f> by \A\f in the above inequality, we get 

j |V(/|^|)| 2 > f f\A\* + nK x f /V| 2 , 

B(R) B{R) B(R) 

namely, 

J |^| 2 |V/| 2 + J / 2 |v|A|| 2 + 2 J f\A\(s7\A\,S7f) 

B(R) B{R) B(R) 



> J fMT + nK, J f'\A\*. (5) 

B{R) B(R) 

Combining the inequalities ([3]) and ([5]) gives 

J \A\ 2 \vf\ 2 +(2K z -n{K 1+ K 2 )) f f 2 \A\ 2 > ~ J f 2 \v\A\\ 2 . (6) 

B(R) B(R) B{R) 

Substituting g for / in the inequality © and using the inequality (|2j), we obtain 



— Misj — + I ' ' '' S 



> < 



B(fl) 

2 (2K 3 - n(i^i + K 2 ) 
n Ai(M) 



2^3 -n(#i + #2) n 



;i + e )}> y ff 2 |v|A|| 2 . 

B(R) 



Suppose that Ai(M) > . Choose a sufficiently samll e > 

satisfying that 

' 2 (2K3 - n(JTi + K 2 ) 
n Ai(M) 



(1 + e) > >0. 



Using the fact that \Vg\ < — and growth condition on J \A\ 2 , we can conclude that 

R B{R) 

by letting R — >• oo 

/ |V|A|| 2 = 0. 

M 

This implies that \A\ is constant. Since the volume of M is infinite, one sees that 
| A | = 0. This means that M is totally geodesic, which is impossible by our assumption. 

r 2K 3 -n(K 1 + K 2 j)n 



Therefore we have Ai(M) < — — . □ 

In particular, if N is the (n + l)-dimensional hyperbolic space H n+1 , then one sees 
that K\ = K2 = — 1, and hence | S/K\ 2 = 0, i.e., K3 = 0. Moreover, as mentioned in the 
introduction, it follows from the McKean's result [7] that the first eigenvalue Ai(M) of a 
complete totally geodesic hypersurface M C H n+1 satisfies Ai(Af) = ^ n ~^ . Therefore 
one can recover the following theorem which was proved by the second author. 

Theorem 2.2 ([33]). Let M be a complete stable minimal hypersurface in HI n+1 with 
J M \A\ 2 dv < 00. Then we have 

(re ~ 1)2 < Ai(M) < n 2 . 

3 Vanishing theorem on minimal hypersufaces 

We first recall some useful results which we shall use in this section. 

Lemma 3.1 ([6J. Let M be an n-dimensional complete immersed minimal hypersur- 
face in a Riemannian manifold N . If all the sectional curvatures of N are bounded 
below by a constant K then 

Ric> (n- l)K- — -\A\ 2 . 

n 

For harmonic 1-forms, one has the Kato-type inequality as follows: 

Lemma 3.2 ([E]). Let u is a harmonic 1-form on an n-dimensional Riemannian 
manifold M, then 

|Vw| 2 - IvUI 2 > — - — |vjo;|| 2 . (7) 
n — 1 

It is well known that the following Sobolev inequality on a minimal submanifold in a 
nonpositively curved manifold. 
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Lemma 3.3 Q.5j). Let M n be a complete immersed minimal submanifold in a nonpos- 
itively curved manifold N n+P , n > 3. Then for any <f> G W ,2 (M) we have 

( / W&dv) " <C S \Vcf>\ 2 dv, (8) 

where C s is the Sobolev constant which dependents only on n > 3. 

If M C H n+1 is a complete stable minimal hypersurface with large first eigenvalue, 
then we have the nonexistence theorem of L 2 harmonic 1-forms on M. More precisely, 
we have 

Theorem (|12j). Let M be a complete stable minimal hypersurface in H n+1 satisfying 
that 

(2n - l)(n - 1) < Ai(M). 
Then there are no nontrivial L? harmonic 1-forms on M . 

In this section, we shall generalize the above theorem to a complete stable minimal 
hypersurface in a Riemannian manifold with sectional curvature bounded below by a 
nonpositive constant as follows: 

Theorem 3.4. Let N be (n + 1)- dimensional Riemannian manifold with sectional 
curvature Kn satisfying K < Kn where K < is a constant. Let M be a complete 
noncompact stable non-totally geodesic minimal hypersurface in N . Assume that 

-K(2n-l)(n-l) < Ai(M) 

Then there are no nontrivial L? harmonic 1-forms on M. 

Proof. Let uj be an L? harmonic 1-form on M, i.e., 

Aw = and / |w| 2 (fo < oo. 

JM 

In an abuse of notation, we will refer to a harmonic 1-form and its dual harmonic vector 
field both by oo. From Boclmer formula, it follows 

A|w| 2 = 2(|Vw| 2 + Ric(w,a;)). 

On the other hand, one sees that 

A|w| 2 = 2(|w|A|w| + |v|w|| 2 ). 

Thus we obtain 

|u>|A|u;| — Ric(cj,u;) = | Voj | 2 — |v|w|| 2 . 



S 



Applying Lemma 13. II and Kato-type inequality (|7|) yields 

UAU + — -\A\ 2 \u\ 2 - (re - l)K\u\ 2 > — i — | V|c^|| 2 . (9) 
re re — 1 

The stability of M implies that 

(|V0| 2 -(|^| 2 + RE(e n+1 ))0 2 ) >0 



for any compactly supported Lipschitz function <f> on M. Since nK < Ric(e n +i), we 
have 



(\V4>\ 2 -{\A\ 2 +nK) ( f ) 2 ) >0 

Af 

Replacing <f> by \u\(f> gives 

(|V(H0)| 2 -(H 2 + re^)(|a;|(/)) 2 ) > 0. 



Applying the divergence theorem, we get 



< - / |w|0A(|w|0) - / (\A\ 2 + n-SQMV 

M M 



4> 2 \u\ 2 



j (p\u>\ 2 A<j)- J cf) 2 (\uj\A\uj\ + \A\ 2 \uj\ 2 ) - 2 J <f>\u\{v\u\,V<f>)-nK J > 

M M M M 

(v((p\u\ 2 ),V(f>) - J (f) 2 (\u\A\u\ + \A\ 2 \u\ 2 ) -2 J <f>\u\{V\u\,V<f>)-nK J <p 2 \uj\ 2 

M M M 

= j M 2 |V0| 2 -y <j) 2 {\uj\A\u\ + \A\ 2 \u:\ 2 )-nK j 4> 2 \u\ 2 (10) 

M M M 

Using the inequalities ([9]) and (fTUj) . we obtain 

< J M 2 |V0| 2 - (2n - 1)K J 2 M 2 - J 2 |VM| 2 - 1 y |A|V|u;| 2 (11) 

M M Af Af 

From the definition of the bottom of the spectrum, it follows 

Ai(M) y </> 2 M 2 < J |v(0M)| 2 

M M 

= j \uj\ 2 \V(p\ 2 + (/> 2 |v|w|| 2 + 2\uj\(f) (V0, V|w|) 

M 

- + / l w l 2 l V ^l 2 + ( 1 + e ) / I V MIV, ( 12 ) 
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where we used Schwarz inequality and Young's inequality for e > in the last inequality. 
Combining the inequalities (jlip and (I12p . we have 

o,{( 1 + i)(^=S + 1 }/MW 

M 

M M 

Now fix a point p € M and consider a geodesic ball B p (R) of radius i? centered at 
p. Choose a test function <^> satisfying that O<0<l,0 = lon B P (R), <p = on 

M \ B P (2R), and |V</>| < Since Ai(M) > -K(2n - \){n - 1), one can choose a 
sufficiently small e > such that 

N (2n-l)(-i0 1 

1 +e P /\ — '- < 0. 

V ' Ai(M) n-1 

Letting R — > oo and using the fact that J \u\ 2 < oo, we finally obtain 

M 



J |v|w|| 2 (/. 2 = j \A\ 2 \u\ 2 4> 2 = 0, 



M M 



which implies that either lo = or \A\ = 0. Since M is not totally geodesic by the 
assumption, we see that u = 0. Therefore we get the conclusion. □ 

4 Rigidity of minimal hypersurfaces 

Let tt be a harmonic function on M. Bochner's formula says 

1 ™ 

-A(jVu| 2 ) = ^2 u % + Ric(Vu, Vti). 



Since 



we obtain 



2 



^A(jVu| 2 ) = |Vu|A(|Vu[) + |v|Vu|| 2 , 



|V«|A(|Vw|) + |v|Vii|| 2 = ^ u ij + Ric(Vn, Vu). 

Using Lemma 13.11 and Kato-type inequality we get 

n — 1 1 

IvdAlvd H |A| 2 |Vu| 2 - (n - l^ilVul 2 > 1 V I Vxil I 2 . (13) 

n n — 1 

By using the same arguments as in the proof of Theorem 13.41 in Section 3, we shall 
prove that if M is an Tridimensional complete noncompact stable minimal hypersurface 
in a Riemannian manifold with sectional curvature bounded below by a nonpositive 
constant, then M has only one end. More precisely, we prove 
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Theorem 4.1. Let N be (n + 1)- dimensional Riemannian manifold with sectional 
curvature satisfying K < Kjy where K < is a constant. Let M be a complete 
noncompact stable non-totally geodesic minimal hypersurface in N . Assume that 

-K{2n-l){n-l) < X X (M) 

Then M must have only one end. 

Proof. Suppose that M has at least two ends. If M has more than one end then there 
exists a non-trivial harmonic function u on M with finite total energy. ([15]. see also 
[3].) Then the harmonic function u satisfies the inequality (|13p . Applying the same 
arguments as in the proof of Theorem 13.41 we conclude that |Vu| = 0. Hence u is 
constant, which is a contradiction. Therefore M should have only one end. □ 

Even without the stability condition on a complete minimal hypersurface we have 
a gap theorem for minimal hypersurfaces with finite total scalar curvature as follows: 

Theorem 4.2. Let N be an (n + 1)- dimensional Riemannian manifold with sectional 
curvature satisfying 

K X <K N < K 2 , 

where K\,K 2 are constants and K\ < K 2 < 0. Let M be a complete minimal hyper- 
surface in N . If 

i 



Jm J n-lV K 2 



for n > then M has only one end. (Here C s is the Sobolev constant in J2J/J 

Proof. Suppose that M has at least two ends. From Wei's result [15], it follows that 
if M has more than one end then there exists a non-trivial harmonic function u on M 
with finite total energy. Let cj) be a compactly supported Lipschitz function on M. Put 
/ := |Vn| in the inequality (fl3j) . Multiplying both sides of the inequality ([13]) by (f> 2 
and integrating over M, we obtain 

2 /A/ + ^ / 2 \A\ 2 f -in- 1)K, [ >J-/ 2 | V/| 2 . 
n J J n — 1 J 

M M M M 

By the definition of \\(M) and Theorem 12.1] we have 

4 Jm Tf 

Hence 

/ 4> 2 fAf + ^zlf tf\A\ 2 f + -. [ IV W)\ 2 > -^-r [ 2 |v/l 2 - 

J n J (n - 1)K 2 J n-lj 

MM MM 
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Integration by parts gives 

|V/|V - 2 J ft (V/, V0) + ^ j 4?\A?f 
M M M 



4Ki 

+ 



^ (7 /w+ / ^ 2|v/|2+2 / ^ <v/ ' v ^) ^^1/ ^ 2|v/|i 

\M M M / A/ 



Using Sch war z inequality, for any e > 0, we have 

/ 4> \A\ f + -±— + - + -f— / f V</> 2 

n 7 Vi^- 1 )^ e (n-l)eK 2 J J 

M M 



On the other hand, by Schwarz inequality, for any 77 > 0, we see that 
(1 + V ) j 2 | v/| 2 +(i + ±)J f\ v0| 2 > 1 1 V(/0)| 2 . 

M M Af 

From the Sobolev inequality ([8|), it follows 

(1 + 77) y" cp 2 \ V/l 2 + f\ V0| 2 > C7 1 ( I (/</>)^ J , (15) 

M M W / 

where C s is the Sobolev constant. 

For a fixed point p £ M and i? > 0, choose a test function satisfying that 

< <f> < 1, 4> = 1 on Bp(i2), = on M \ B P (2R), and |V0| < ^, where 5 p (i2) 

it 

denotes the geodesic ball of radius R centered at p € M. Define 

V(n-l)JC 2 e (n-l)eK 2 J J 

M 

and 

. /ntf 2 -4Ki -4^ie \ 

C(E):= l <»-!)*, V' 

Note that c(e) > for a sufficiently small e > 0. Since it has finite total energy, 
/ = |Vu| has a finite L 2 -norm. Therefore 



lim T(e,R) = 
R— >oo 



for any fixed e > 0. 
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Choose a sufficiently small e > 0. Then from inequalities (|14p and (|15p it follows 
n-1 



n 



M 



A\ 2 f z <p z + T(e,R)>c(e) J ^|V/| 

M 

c(e)C 



> 



-i 

s 



T} + 1 



(/</») ^ 



^ / / 2 |v^| 2 . 

n 



M 



Using Holder inequality, we get 



/ 1^1 W < 



M \M / VU 

Combining these inequalities (fT6j) and (fT?]) gives 



(17) 



CE 



r(e,i?) + ^ / / 2 |V0| 2 > 



c(e)C- 1 _ n-1 
n + 1 n 



V 



2 it 



Now choose a sufficiently small n > 0. Then the assumption on the L n -norm of the 
second fundamental form A guarantees that 



c(g)C s - 1 _ n-1 
n + 1 n 



\A\ n > 0. 



Letting R —¥ oo, we obtain that / = | Vu| = 0, i.e., u is constant. This is a contradiction. 
Hence we conclude that M should have only one end. □ 



5 Stability of minimal hyper surfaces 

In this section we prove that if the second fundamental form \A\ at each point or the 
total scalar curvature J M \A\ n is sufficiently small in a complete minimal hypersurface 
M in a nonpositively curved Riemannian manifold, then M must be stable. 

Theorem 5.1. Let N be (n + 1) -dimensional Riemannian manifold with sectional 
curvature Kn satisfying K~n < K < where K < is a constant. Let M be a complete 
stable minimal hypersurface in N. If 

|A| 2 < -K^t 

then M is stable. 
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Proof. From the result of Bessa-Montenegro pQ , we have 

-^<MM)<^ 

Af 

for any compactly supported nonconstant Lipschitz function / on M. 

The assumption on sectional curvature on N implies that Ric(e n +i) < nK. Hence 

p2 



/ {|V/| 2 -(|A| 2 + Rk(e n+1 ))/ 2 }> J (-K^^-^-nK^f 

M 



M M 

r/ .(n-1) 2 r ,(n+l) 2 



M 

= o, 

which means that M is stable. □ 

Theorem 5.2. Let N be (n + 1)- dimensional Riemannian manifold with sectional 
curvature satisfying Kpj < K < where K < is a constant. Let M be a complete 
stable minimal hypersurface in N . Assume that 



M 

Then M is stable. 
Proof. It suffices to show that 



/* 1 II 



j {|V/| 2 -(|A| 2 + Ric(e n+1 ))/ 2 } >0 

M 



for all compactly supported Lipschitz function /. Using the Sobolev inequality (??), 
we have 



J {|v/| 2 -(|A| 2 + Ric(e n+1 ))/ 2 }>i-(| |(L4| 2 + Ric(e„ +1 ))/ 2 

M M M 

1 /» 71 — 2 /* 

*kUw*)'- Mf< (18> 



M M 



where we used the fact that Ric(e n +i) < nK < in the last inequality. 
On the other hand, applying Holder inequality, we get 



2 r n-2 

2n ' 



\A\ 2 fdv<[J \A\ n ) n [J \f\—) n . (19) 

M M M 
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Combining (|18j) with (|19p we have 

vif - (i^i 2 +Ric(e n+1 ))/ 2 } > {± - (y |A|»)"}(y |/|^)" 

M M AT 

>o, 

which completes the proof. □ 

Acknowledgment: The first author would like to express his gratitude to NSC, 
Taiwan for supporting him three year scholarship at National Tsinghua University. 

References 

[1] CP. Bessa and J.F. Montenegro, Eigenvalue estimates for submanifolds with 
locally bounded mean curvature, Ann. Global Anal. Geom. 24 (2003), no. 3, 
279-290. 

[2] A. Candel, Eigenvalue estimates for minimal surfaces in hyperbolic space, Trans. 
Amer. Math. Soc. 359 (2007), 3567-3575. 

[3] H. Cao, Y. Shen and S. Zhu, The structure of stable minimal hypersurfaces in 
R n+1 , Math. Res. Lett. 4 (1997), no. 5, 637-644. 

[4] L.F. Cheung and P.F. Leung, Eigenvalue estimates for submanifolds with 
bounded mean curvature in the hyperbolic space, Math. Z. 236 (2001), 525-530. 

[5] D. Hoffman and J. Spruck, Sobolev and isoperimetric inequalities for Rieman- 
nian submanifolds, Comm. Pure Appl. Math. 27 (1974), 715-727. 

[6] P.F. Leung, An estimate on the Ricci curvature of a submanifold and some 
applications, Proc. Amer. Math. Soc. 114 (1992), no. 4, 1051-1063. 

[7] H.P. McKean, An upper bound to the spectrum of A on a manifold of negative 
curvature, J. Diff. Geom. 4 (1970), 359-366. 

[8] R. Miyaoka, L 2 harmonic 1- forms on a complete stable minimal hyper surf ace, 
Geometry and Global Analysis. 1993, 289-293. 

[9] L. Ni, Gap theorems for minimal submanifolds in M n+1 , Comm. Anal. Geom. 9 
(2001), no. 3, 641-656. 

[10] R. Schoen, L. Simon and S.-T. Yau, Curvature estimates for minimal hypersur- 
faces, Acta Math. 134 (1975), no. 3-4, 275-288. 

[11] K. Seo, Rigidity of minimal submanifolds in hyperbolic space, Arch. Math. 94 
(2010), 173-181. 



15 



[12] K. Seo, L 2 harmonic 1-forms on minimal submanifolds in hyperbolic space, J. 
Math. Anal. Appl. 371 (2010), no. 2, 546-551. 

[13] K. Seo, Stable minimal hypersurfaces in the hyperbolic space, J. Korean Math. 
Soc. 48 (2011), no. 2, 253-266. 

[14] X. Wang, On conformally compact Einstein manifolds, Math. Res. Lett. 8 
(2001), no. 5-6, 671-688. 

[15] S.W. Wei, The structure of complete minimal submanifolds in complete mani- 
folds of nonpositive curvature, Houston J. Math. 29 (2003), no. 3, 675-689. 

[16] Y.L.Xin, Bernstein type theorems without graphic condition, Asian J. Math. 9 
(2005), 31-44. 

[17] G. Yun, Total scalar curvature and L 2 harmonic 1-forms on a minimal hyper- 
surface in Euclidean space, Geom. Dedicata 89 (2002), 135-141. 

Nguyen Thac Dung 

Department of Mathematics, National Tsinghua University, No. 101, Sec. 2, Kuangfu 
Road, Hsinchu, Taiwan, R.O.C. 
E-mail : dungmath@yahoo .co.uk 

Keomkyo Seo 

Department of Mathematics, Sookmyung Women's University, Hyochangwongil 52, 
Yongsan-ku, Seoul, 140-742, Korea 
E-mail : kseoOsookmyung . ac . kr 



16 



